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A recent experiment on Nb-doped Bi2Se3 showed that zero field magnetization appears below the
superconducting transition temperature. This gives evidence that the superconducting state breaks
time-reversal symmetry spontaneously and is possibly in the chiral topological phase. This is in
sharp contrast to the Cu-doped case which is possibly in the nematic phase and breaks rotational
symmetry spontaneously. By deriving the free energy of the system from a microscopic model, we
show that the magnetic moments of the Nb atoms can be polarized by the chiral Cooper pairs and
enlarge the phase space of the chiral topological phase compared to the nematic phase. We further
show that the chiral topological phase is a Weyl superconducting phase with bulk nodal points which
are connected by surface Majorana arcs.
Introduction— Superconductivity and ferromag-
netism are conventionally considered to be two compet-
ing orders, especially in time-reversal invariant supercon-
ductors [1, 2]. However, superconductivity discovered in
several Uranium based ferromagnetic compounds [3–5]
indicates that the superconducting and ferromagnetic or-
ders can also coexist. The muon spin rotation (µSR) ex-
periments in systems such as the B phase of UPt3 [6],
Sr2RuO4 [7], LaNiC2 [8], LaNiGa2 [9], SrPtAs [10, 11]
and URu2Si2 [12, 13] suggest that the time-reversal sym-
metry can be spontaneously broken in the superconduct-
ing phase. In this work, we propose that in Nb-doped bis-
muth selenide (Bi2Se3), ferromagnetism can be induced
by chiral topological superconductivity and result in a
three-dimensional Weyl topological superconductor.
Bi2Se3 are topological insulators [14–17] which support
topological surface states. Soon after the topological sur-
face states in Bi2Se3 were observed in angle-resolved pho-
toemission (ARPES) experiments [18, 19], it was found
that Cu-doped Bi2Se3 were superconducting [20–22]. It
was proposed by Fu and Berg that these superconduct-
ing Cu-doped Bi2Se3 were in the odd-parity topological
phase with Majorana surface states [23]. The Majorana
surface states were supposed to induce zero bias conduc-
tance peaks in tunneling experiments [24] but negative
results were also found [25]. Interestingly, the Knight
shift experiments [26] showed that spin-susceptibility of
the material has a two-fold in-plane rotational symme-
try which breaks the three-fold rotational symmetry of
the basal plane. This motivated Fu to propose that the
superconducting Cu-doped Bi2Se3 is in the so-called ne-
matic phase which spontaneously breaks the three-fold
rotational symmetry down to a two-fold symmetry [27].
In a more recent measurement, the two-fold dependence
of the specific heat on the applied in-plane magnetic field
was found which also supports the superconducting ne-
matic phase scenario [28].
The superconducting nematic phase belongs to the Eu
representation of the D3d point group [23]. Interestingly,
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FIG. 1: Phase diagrams of doped Bi2Se3, the blue region
denotes the chiral phase while the green region denotes the
nematic phase. a) The case for Jµd = 0 which is relevant to
the Cu-doped case when µd = 0. If only the Γ0 terms in Eqs.
(3) and (4) are finite as assumed in Ref. [29], the system is
always in the nematic phase with λa = −λb, λc = 0 as shown
by the dashed line. b) The case for finite Jµd which is relevant
to the Nb-doped case. The chiral phase regime is enlarged.
the two-dimensional Eu representation also allows the
appearance of the chiral topological phase which breaks
time-reversal symmetry spontaneously [29]. Recently, in
the experiment performed by Qiu et al. on Nb-doped
Bi2Se3, it was found that the sample has finite magneti-
zations at zero field below the superconducting transition
temperature (Tc) [30]. The spontaneous time-reversal
symmetry breaking below Tc suggests that superconduct-
ing Nb-doped Bi2Se3 is possibly in the chiral topological
phase.
In this work, using a microscopic Hamiltonian which
includes the coupling between the itinerant electrons of
Bi2Se3 and the magnetic moments of Nb, we derive the
mean field free energy of the system. We show that the
superconducting order parameters of the itinerant elec-
trons couple to the ferromagnetic order parameter of the
Nb atoms. The chiral superconducting phase induces a fi-
nite ferromagnetic order parameter, whereas the nematic
phase cannot induce any ferromagnetic order. Moreover,
the superconductivity-ferromagnetism coupling enlarges
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2the phase space of the chiral superconducting phase as
depicted in Fig.1. This provides a possible explanation of
why the Cu-doped and Nb-doped Bi2Se3 have different
superconducting states. We further show that the chi-
ral topological superconductor is a Weyl superconductor
with bulk nodal points and surface Majorana arcs.
In the following sections, we first propose the model
Hamiltonian for both Cu-doped and Nb-doped Bi2Se3
and derive the mean field free energy. Second, by mini-
mizing the Ginzburg-Landau (GL) free energy, we show
that the induced magnetization by the chiral supercon-
ducting phase is nonzero. Third, the phase diagram in
the presence of dopants with finite magnetic moments is
studied. Finally, the energy spectrum of the chiral topo-
logical phase is analyzed.
Model Hamiltonian— Experimentally, the normal
phases of both Cu-doped and Nb-doped Bi2Se3 are found
to be paramagnetic [20, 30]. Hence, the normal state
symmetry group of the doped Bi2Se3 can be chosen as
D3d × T where T is the time-reversal symmetry. For the
itinerant electrons in doped Bi2Se3 near the Fermi energy,
the dominant orbitals are the p-orbitals from both Bi
and Se atoms. To the first order in momentum k, the
Hamiltonian takes the form [14, 17, 23, 29]:
He =
∑
k
c†k[v(kyσx−kxσy)τz+vzkzτy+mτx−µ]ck, (1)
where ck = {cka↑, cka↓, ckb↑, ckb↓}T consists of the a and
b orbitals originating from the p-orbitals of the Bi and Se
atoms and ↑, ↓ denote the z-component of the total angu-
lar momentum [31]. The Pauli matrices σ = {σx, σy, σz}
and τ = {τx, τy, τz} act on the spin space and the orbital
space respectively. The doped chemical potential µ lies
within the conduction band [21, 30].
To consider the effect of dopant atoms, we ignore the
dopant-dopant interactions as the normal phase is para-
magnetic. The electron-dopant coupling is assumed to
be short-ranged and can be written as:
Hed =
∑
r
[I
∑
i=x,y
si(r)mi(r) + Jsz(r)mz(r)]. (2)
Here, the operator s(r) = c†(r)σc(r) denotes the total
spin density of electrons, while m(r) denotes the mag-
netic moment density of dopant atoms. The constants
I and J are the magnetic exchange coupling strengths.
It is important to note that Hed respects the D3d × T
symmetry and the symmetry properties of the operators
are shown in Table.I.
Motivated by recent experiments in which point group
symmetry and time-reversal symmetry are spontaneously
broken in Cu-doped and Nb-doped Bi2Se3 respectively,
we assume that the superconducting phases belong to the
two-dimensional representation of the D3d point group.
To be specific, we consider the odd-parity Eu representa-
tion of D3d [23, 27, 29]. In this Eu phase, there are two
kinds of Cooper pairs which are related by time-reversal
symmetry. These two kinds of chiral Cooper pairs are
created by F †+, F
†
− respectively, which to the first order
in k can be written as:
F †+ =
∑
k
[
4iΓ0c
†
ka↑c
†
−kb↑ + Γk+
(
c†ka↑c
†
−kb↓ + c
†
ka↓c
†
−kb↑
)
+ 2
∑
l=a,b
(
iΓxyk−c
†
kl↓c
†
−kl↓ + Γzkzc
†
kl↑c
†
−kl↑
) , (3)
F †− =
∑
k
[
−4iΓ0c†ka↓c†−kb↓ + Γk−
(
c†ka↑c
†
−kb↓ + c
†
ka↓c
†
−kb↑
)
+ 2
∑
l=a,b
(
iΓxyk+c
†
kl↑c
†
−kl↑ − Γzkzc†kl↓c†−kl↓
) . (4)
Here, k± = kx ± iky. The Γ0 terms create Cooper
pairs formed by electrons with different orbitals and equal
spins, the Γ terms create inter-orbital p±ip-wave Cooper
pairs. The Γxy and Γz terms create Cooper pairs formed
by electrons with the same orbital and with p ± ip and
pz pairings respectively. The creation operator F
†
− is the
time-reversal partner of F †+ and the two operators form
the Eu representation of D3d.
Thus, the phenomenological electron-electron interac-
tion Hamiltonian of the doped Bi2Se3 can be expressed
in terms of Cooper pair creation operators
Hee = −g
2
(
F †+F+ + F
†
−F−
)
, (5)
where g > 0 denotes the overall attractive interaction
strength. Hee respects the D3d × T symmetry according
to Table.I.
Given the model Hamiltonian H = He+Hed+Hee, we
have the partition function Z ≡ Tr exp{−H/T} at tem-
perature T . To evaluate Z within the mean field theory,
we need to introduce the ferromagnetic and the supercon-
ducting order parameters for our system. The ferromag-
netic order parameter is defined as the magnetization of
the dopants M ≡∑r〈m(r)〉/N where 〈. . . 〉 denotes the
thermodynamic average and N denotes the total number
of sites. The superconducting order parameters are two
complex numbers {η+, η−} and the mean field pairing
Hamiltonian can be written as H†P = η+F
†
+ + η−F
†
−.
In terms of the order parameters M and {η+, η−},
the model Hamiltonian H can be approximated by the
following mean field Hamiltonian:
HMF = He + I
∑
i=x,y
SiMi + JSzMz +H
†
P +HP, (6)
where S ≡∑r s(r) denotes the total spin operator of
electrons in the system.
Correspondingly, the partition function can be written
as Z =
∫
dη+dη−d3M exp{−F/T}, where the mean field
3free energy is
F =
|M |2
2χd
+
|η+|2 + |η−|2
2g
− T
2
∑
n
log[detG−1MF(iωn)].
(7)
Here, χd = µ
2
d/T is the magnetic susceptibility of the
dopants where µd is the effective magnetic moment of the
dopants. GMF(iωn) ≡ (iωn − HMF)−1 is the mean field
Gor’kov Green’s function with the Matsubara frequency
ωn.
Near the superconducting critical temperature Tc, the
order parameters η+, η−,M are small in magnitude, and
the free energy can be obtained by Taylor expansion on
the order parameters as discussed in next section.
Ginzburg-Landau Analysis— The expanded free
energy up to the fourth order in η± and second order
in M is
F = FN + a(|η+|2 + |η−|2) (8)
+ b1(|η+|2 + |η−|2)2 + b2|η+|2|η−|2
+ gMMz(|η+|2 − |η−|2) + aMM2z
where FN is the normal phase free energy, and the coeffi-
cients a, b1, b2, gM , aM are expressed in terms of Green’s
functions (Eqs.(B10)-(B13) in Section B of the Supple-
mentary Material [31]). The general form of Eq.(8) can
also be easily constructed from the group theory, accord-
ing to the symmetry properties of the order parameters
and their quadratic forms given in Table.I.
As the Curie temperature of the dopants should be
lower than Tc, in the GL regime we can always assume
aM > 0. By minimizing the free energy with respect to
M , one obtains the induced magnetization
M = − gM
2aM
(|η+|2 − |η−|2)z. (9)
With the expression of M , the free energy is reduced to
the function of {η+, η−} only:
F = FN + a(|η+|2 + |η−|2) (10)
+
(
b1 − g
2
M
4aM
)
(|η+|2 + |η−|2)2
+
(
b2 +
g2M
aM
)
|η+|2|η−|2.
Then, we need to minimize the free energy in Eq.(10)
with respect to {η+, η−}. Above Tc, a > 0, the solution
η± = 0 minimizes the free energy, and henceM = 0 such
that the normal phase is paramagnetic. Below Tc, a < 0,
the superconducting phase and M depend on the sign of
b2 + g
2
M/aM .
If b2 + g
2
M/aM < 0, |η+| = |η−| 6= 0 minimize the
free energy and the system is in the nematic phase
[23, 27, 29, 32]. In the nematic phase, the time-reversal
symmetry is preserved and the induced magnetization is
zero from Eq.(9). The three-fold rotational symmetry is
IR electrons dopants Superconductivity Magnetism
A1g s
2 m2 |η+|2 + |η−|2 M2z
A2g sz mz |η+|2 − |η−|2 Mz
Eg {s+, s−} {m+,m−} {η∗+η−, η∗−η+} {M+,M−}
Eu {F †+, F †−} None {η+, η−} None
TABLE I: Irreducible representations (IRs) of operators for
electrons/dopants and order parameters for superconductiv-
ity/magnetism in D3d. Here, s,m denote s(r),m(r) at
r = 0 respectively and s± ≡ sx ± isy, m± ≡ mx ± imy,
M± ≡Mx ± iMy.
found spontaneously broken if we include the sixth or-
der terms in GL free energy as discussed in Ref. [29].
Recent experiments, including Knight shifts and specific
heat measurements, provide evidence that this nematic
phase is relevant to Cu-doped Bi2Se3 [26, 28, 29].
If b2+g
2
M/aM > 0, the chiral phase {η+, η−} = ∆{1, 0}
or ∆{0, 1} is favored with the pairing amplitude ∆. The
two chiral phases ∆{1, 0} and ∆{0, 1} are time-reversal
partners. To be specific, we focus on the phase ∆{1, 0}
in the following discussion. In the chiral phase ∆{1, 0},
the time-reversal symmetry is spontaneously broken and
the total electron spin 〈S〉 = gM |∆|2z/(2JχdaM ) can be
finite due to the nonunitary Cooper pairs [Γ0, Γxy and
Γz terms in Eq.(3)].
The magnetic moments of dopants can couple to
the Cooper pairs and result in the magnetic energy of
Ed(M) =
1
2χd
|M |2+J〈S〉 ·M . When J is large enough,
the magnetic moments of the dopants are polarized and
M = −gM |∆|2z/(2aM ) as shown in Eq.(9). Similarly, by
minimizing Ed(M), we have M = −Jχd〈S〉 such that
magnetization is proportional to the average spin of the
Cooper pairs.
Phase Diagram— Experimentally, the Cu-doped and
Nb-doped Bi2Se3 showed that the superconducting phase
can be dramatically changed when the types of dopants
are changed. It was shown that Nb atoms in doped
Bi2Se3 have effective magnetic moment of µd = 1.26µB
while Cu atoms do not carry magnetic moments [30].
In this section, by working out the phase diagram for
dopants with and without magnetic moments, we show
that the magnetic moments of Nb atoms can increase the
phase space of the chiral topological phase compared to
the Cu-doped case.
As discussed above, the sign of the coefficient b2 +
g2M/aM in Eq.(10) determines whether the system is in
the nematic or the chiral phase. The coefficient b2 +
g2M/aM can be expressed as a function of λa, λb, λc and
Jµd, where
λa = −Γ0
µ
+
Γ
v
, λb =
Γ0
µ
− Γz
vz
, λc =
Γxy
v
. (11)
The explict form of b2 + g
2
M/aM is given as Eq.(C21) in
4Section C of the Supplementary Material [31]. Fig.1a de-
picts the case of Cu-doped Bi2Se3 where Jµd = 0, which
is the same as that shown in Ref. [29]. In Ref. [29],
only the Γ0 terms are finite and the system is always in
the nematic phase (as indicated by the positive infinity
along the dashed line in Fig.1a). In this current work, by
considering the more general form of the chiral Cooper
pairs, the system can be in the chiral topological phase
as found in Nb-doped Bi2Se3. Moreover, by having fi-
nite magnetic exchange coupling J , the phase space of
the chiral topological phase is enlarged. This is simply
due to the fact that the Cooper pairs in the chiral topo-
logical phase can polarize the magnetic moments of the
dopants to further reduce the free energy of the whole
system. This is consistent with the experimental find-
ing that Nb-doped samples can possibly be in the chiral
topological phase but the Cu-doped samples are possibly
in the nematic phase.
Majorana Nodes and Majorana Arcs of the Chi-
ral Phase— In this section we will discuss the band
structure of the chiral phase with {η+, η−} = ∆{1, 0}
and M = Mz. This is relevant to the Nb-doped Bi2Se3.
Then, the mean field Hamiltonian (6) is simplified to:
HMF = He + JMSz + ∆(F
†
+ + F+). (12)
In general, the mean field Hamiltonian (12) is nodal
with the nodal points lying on the kx = ky = 0 line with
finite kz. This is because, when kx = ky = 0, only Γ0
and Γz terms in Eq.(3) can be non-zero. However, these
terms pair spin-up electrons while the spin-down elec-
trons cannot be paired. Therefore, there are nodal points
in the north and south poles when we have a closed 3D
Fermi surface. In general, when λaλbλc 6= 0, there are
eight nodal points in the energy spectrum. The top view
of the four nodal points in the northern hemisphere are
shown in Fig.2a. The four nodal points in the southern
hemisphere are inversion partners of the four nodal points
in Fig.2a. Due to the non-degenerate nodal points, the
chiral topological phase is indeed a Weyl superconduct-
ing phase. The nodal points with opposite chiralities are
connected by surface Majorana arcs [34–36] as depicted
in Figs.2 b to c. Fig.2b and Fig.2c depict the Majorana
arcs on the xz and yz-plane respectively. The chirality of
a node is defined by the Chern number of the Fermi sur-
face enclosing the node. Recently, it was suggested that
PrOs4Sb12 are chiral superconductors which has similar
nodal structures [37].
In the special case of Γ0 = Γxy = Γz = 0 but with finite
Γ in Eq.(3), the four nodal points in the northern hemi-
sphere merge together in the north pole (similarly for
the four nodal points in the southern hemisphere). This
results in Weyl nodes with double chirality. The corre-
sponding surface Majorana arcs are depicted in Fig.2d.
Conclusion and Discussion— In this work, we show
that in the chiral phase of Nb doped Bi2Se3, supercon-
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FIG. 2: a) The schematic top view (from z-direction) of nodal
points of the chiral superconductor in the Brillouin zone. The
four nodes shown are located near the north pole, whose inver-
sion partners (not shown) are the other four nodal points near
the south pole. In the general case, the Majorana arcs con-
necting nodes with opposite chiralities emerge on the surface
of superconductors as shown in b) and c). b) Majorana arcs
on xz-plane. c) Majorana arcs on yz-plane. d) The Majorana
arcs on xz-plane in the special case with Γ0 = Γxy = Γz = 0
and Γ = 0.9 in Eq.(3) that four nodal points merge into one
in the north and south poles respectively. The signs ± and
numbers ±2 denote the chirality of nodes. In figures b), c)
and d) the surface spectral function A at zero energy is calcu-
lated using the Hamiltonian in Eq.(12), with the parameters
v =
√
3vz = 5
√
3,m = 3, µ = 4, JM = 0.2,∆ = 1. For b) and
c) Γ0 = 0.9,Γ = 0.2,Γxy = 0.5,Γz = 0.1.
ductivity can induce ferromagnetic order. In the chi-
ral phase, the system is a Weyl superconductor which
possess nodal points and surface Majorana arcs. Inter-
estingly, a recent experiment shows that the three fold
rotational symmetry of Nb-doped Bi2Se3 in the super-
conducting phase is also broken [38]. Therefore, further
experimental and theoretical investigations are needed to
understand this novel superconducting system.
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1Supplementary Material for “Superconductivity-Induced Ferromagnetism and Weyl
Superconductivity in Nb-doped Bi2Se3”
A. SYMMETRY REPRESENTATION ON TWO-ORBITAL BASIS
Microscopically, at site r, the operators c†a/b,↑/↓(r) create states formed by p-orbitals from Bi (B) and Se (S) atoms
with four complex coefficients uB , vB , uS , vS :
c†a/b,↑(r)|0〉 = |a/b, ↑〉 ≡ ± [uB (|B, pz, ↑〉 − |B′, pz, ↑〉) + vB (|B, p+, ↓〉 − |B′, p+, ↓〉)] (A1)
+ [uS (|S, pz, ↑〉+ |S′, pz, ↑〉) + vS (|S, p+, ↓〉+ |S′, p+, ↓〉)] ,
c†a/b,↓(r)|0〉 = |a/b, ↓〉 ≡ ± [u∗B (|B, pz, ↓〉 − |B′, pz, ↓〉) + v∗B (|B, p−, ↑〉 − |B′, p−, ↑〉)] (A2)
+ [u∗S (|S, pz, ↓〉+ |S′, pz, ↓〉) + v∗S (|S, p−, ↑〉+ |S′, p−, ↑〉)] ,
where pz, p± denote p-orbitals with z-component of orbital angular momentum 0,±1 respectively. The corresponding
Bloch basis can be constructed as c†kls ≡
∑
r e
ik·rc†ls(r), where l = a, b denotes the orbitals and s =↑, ↓ denotes the
spin.
The symmetry group D3d × T of the doped Bi2Se3 is generated by the four essential elements: the three-fold
rotation C3z, the inversion I, the mirror symmetry Ix and the time-reversal symmetry T. Under the symmetry
operation g ∈ D3d × T, the two-orbital basis ck = {cka↑, cka↓, ckb↑, ckb↓}T transforms as g : c†k → c†gkU(g), where
U(C3z) = exp(−iσzpi/3), U(I) = τx, U(Ix) = −iσx, U(T) = iσyK. (A3)
B. DERIVATION OF GINGZBURG-LANDAU FREE ENERGY FROM MODEL HAMILTONIAN
The full model Hamiltonian H of doped Bi2Se3 which respects the symmetry group D3d × T is
H =
∑
k
c†k[v(kyσx − kxσy)τz + vzkzτy +mτx − µ]ck
+
∑
r
{I[sx(r)mx(r) + sy(r)my(r)] + Jsz(r)mz(r)} − g
2
(
F †+F+ + F
†
−F−
)
. (B4)
In order to describe the superconducting phase, we adopt the full Nambu basis {ck, c†T−k}T. On the Nambu basis,
the mean field Gor’kov Green’s function in the momentum representation reads
GMF(iωn,k) =
(
iωn −H0(k)− I(Mxσx +Myσy)− JMzσz −η+D+(k)− η−D−(k)
−η∗+D†+(k)− η∗−D†−(k) iωn +HT0 (−k) + I(Mxσx −Myσy) + JMzσz
)−1
where ωn = (2n+1)piT (n ∈ Z) is the fermionic Matsubara frequency, H0(k) = v(kyσx−kxσy)τz +vzkzτy +mτx−µ is
the normal phase Hamiltonian of doped Bi2Se3, and D±(k) = (Γ0σ±τy + Γk±σzτx± iΓxyk∓σ∓−Γzkzσ±)iσy denotes
the pairing matrices corresponding to F †± respectively. With GMF(iωn,k), the mean field free energy at temperature
T reads F = |M |2/2χd + (|η+|2 + |η−|2)/2g − 12T
∑
n,k log[detG
−1
MF(iωn,k)]. The next step is to expand F in terms
of superconducting and magnetic order parameters, equivalently the expansion of GMF(iωn,k) in terms of {η+, η−}
and M . We write the inverse Gor’kov Green’s function as G−1MF = G
−1
0 (1−D −M) where G0 = diag[Ge, Gh] is the
normal Green’s function. Here Ge(iωn,k) = [iωn −H0(k)]−1, Gh(iωn) = [iωn +HT0 (−k)]−1 are Green’s functions for
electrons and holes which can be explicitly written as
Ge(iωn,k) =
iωn −H0(k)
(iωn + µ)2 − ε(k)2 , Gh(iωn,k) =
iωn +H
∗
0 (−k)
(iωn − µ)2 − ε(k)2 , (B5)
with ε(k) =
√
m2 + v2(k2x + k
2
y) + v
2
zk
2
z . The matrices D,M are
D(iωn,k) =
(
0 Ge(iωn,k)[η+D+(k) + η−D−(k)]
Gh(iωn,k)[η
∗
+D
†
+(k)− η∗−D†−(k)] 0
)
(B6)
M(iωn,k) =
(
Ge(iωn,k)[I(Mxσx +Myσy) + JMzσz] 0
0 −Gh(iωn,k)[I(Mxσx −Myσy) + JMzσz]
)
. (B7)
2Near superconducting critical temperature Tc, |η±|, |M | are small in magnitude, and hence D,M are small in norm.
Expanded in terms of D,M up to the fourth order in D and second order in M, the mean field contribution to the
free energy reads
− log detG−1MF = −tr log[G−10 (1−D −M)] = −tr logG−10 − tr log(1−D −M) (B8)
= −tr logG−10 +
1
2
tr(D2) + 1
2
tr(D4) + tr(MD2) + 1
2
trM+ 1
2
tr(M2) + . . .
Thus expanded in terms of η±,M up to the fourth order in η± and second order in M , the total free energy reads
F = FN +
∑
α,β=±
aαβη
∗
αηβ +
∑
α,β,α′,β′=±
bαβα′β′η
∗
αηβη
∗
α′ηβ′ +
∑
α,β=±
∑
i=x,y,z
gαβiη
∗
αηβMi +
∑
i,j=x,y,z
τijMiMj (B9)
where FN = − 12T log detG−10 is the normal phase free energy and the GL coefficients are
aαβ =
δαβ
2g
+
1
2
T
∑
n,k
tr[D†α(k)Ge(iωn,k)Dβ(k)Gh(iωn,k)] (B10)
bαβα′β′ =
1
4
T
∑
n,k
tr[D†α(k)Ge(iωn,k)Dβ(k)Gh(iωn,k)D
†
α′(k)Ge(iωn,k)Dβ′(k)Gh(iωn,k)] (B11)
gαβi =
1
2
JiT
∑
n,k
tr{D†α(k)Ge(iωn,k)[σiGe(iωn,k)Dβ(k)−Dβ(k)Gh(iωn,k)σTi ]Gh(iωn,k)} (B12)
τij =
δij
2χd
+
1
4
J2i T
∑
n,k
tr{[Ge(iωn,k)σiGe(iωn,k)σj +Gh(iωn,k)σTi Gh(iωn,k)σTj ]} (B13)
where Jx = Jy = I, Jz = J .
One can apply D3d × T to D±(k), Ge/h(iωn,k) and obtains the symmetry properties of the GL coefficients
aαβ = a
∗
−α,−β = a−α,−β = e
−2ipi(α−β)/3aαβ , bαβα′β′ = b∗−α,−β,−α′,−β′ = b−α,−β,−α′,−β′ = e
−2ipi(α+α′−β−β′)/3bαβα′β′ ,
gαβx = g−α,−β,x, gαβy = −g−α,−β,y, gαβz = −g−α,−β,z, gαβi = −g∗−α,−β,i,
gαβz = e
−2ipi(α−β)/3gαβz, gαβx ± igαβy = e−2ipi(α−β±1)/3(gαβx ± igαβy), τij = τiδij , τx = τy.
The symmetry constraints of the coefficients guarantee the following GL free energy as shown in the maintext
F = FN + a(|η+|2 + |η−|2) + b1(|η+|2 + |η−|2)2 + b2|η+|2|η−|2 + gMMz(|η+|2 − |η−|2) + aMM2z (B14)
where a = a++, b1 = b++++, b2 = 2(b++−− + b+−−+ − b++++), gM = g++z, aM = τzz.
At last we will calculate the expectation value of the total electron spin 〈S〉 ≡ ∑r〈s(r)〉. In order to do that, a
virtual Zeeman field B coupled with the total electron spin S is introduced to the model Hamiltonian H
HB = H +B · S
and the Gor’kov Green’s function is modified correspondingly G−1B = G
−1
0 (1−D −M−B) where
B(iωn,k) = B ·
(
Ge(iωn,k)σ 0
0 −Gh(iωn,k)σT
)
. (B15)
So we find the expansion of the mean field contribution to the free energy
− log detG−1B = −tr log[G−10 (1−D −M)] + tr(MB) + tr(D2B) + . . . (B16)
and hence of the total modified free energy
FB = F +
gM
J
(|η+|2 − |η−|2)Bz + 2aM − χ
−1
d
J
MzBz
up to the first order in B.
Thus 〈S〉 can be calculated through the derivatives of the modified free energy:
〈S〉 = ∂FB
∂B
∣∣∣∣
B=0
=
1
J
[
gM (|η+|2 − |η−|2) + (2aM − χ−1d )Mz
]
z =
gM
2JχdaM
(|η+|2 − |η−|2)z. (B17)
One immediately finds that the induced magnetization is proportional to the total electron spin M = −Jχd〈S〉.
3C. PHASE DIAGRAMS AND BAND STRUCTURE
From the expressions of the GL coefficients and Green’s functions, b2, gM , aM can be worked out as
b2 =
7ζ(3)N(0)(λc
√
µ2 −m2)4
120(piTc)2
[(
λa
λc
)4
+ 4
(
λb
λc
)2
− 8
(
1 +
λ2a
λ2c
)
− 2λ
2
b
λ2c
(
λ2a
λ2c
− 2
)
− 3λ
4
b
λ4c
]
, (C18)
gM = −pi log
(
2eγEωc
piTc
)
JN ′ (0) (µ2 −m2)
[
m
µ
(
−2
3
λ2c +
2
3
λ2b
)
+
(
1− m
µ
)(
1
5
λ2b −
2
15
λ2c −
2
15
λaλb
)]
,(C19)
aM =
1
2
[
Tc
µ2d
− 1
3
J2N(0)µ2B
(
1 +
2m2
µ2
)]
, (C20)
where N(0) is the density of states per spin in the conduction band, ωc is the cutoff energy and γE = 0.57721 . . .
is the Euler gamma constant. In performing the calculations we assume the superconductivity happens within the
energy shell |ξ| ≤ ωc.
With the GL coefficients given above, one obtains the quantity determining the phase diagrams
b2 +
g2M
aM
=
7ζ(3)N(0)(λc
√
µ2 −m2)4
120(piTc)2
{(
λa
λc
)4
+ 4
(
λb
λc
)2
− 8
(
1 +
λ2a
λ2c
)
− 2λ
2
b
λ2c
(
λ2a
λ2c
− 2
)
− 3λ
4
b
λ4c
(C21)
+L(Jµd)
[
m
µ
(
−2
3
+
λ2b
3λ2c
)
+
(
1− m
µ
)(
λ2b
5λ2c
− 2
15
− 2λaλb
15λ2c
)]2}
,
where
L(x) =
A0x
2
1− Cx2 , A0 =
120pi4Tc
7ζ(3)N(0)
[
N ′(0) log
(
2eγEωc
piTc
)]2
, C =
2N(0)µ2B
3Tc
(
1 +
2m2
µ2
)
. (C22)
The function L(x) is a dimensionless monotonic function of x in the range 0 < x < C−
1
2 . For Cu-doped Bi2Se3,
Jµd = 0 hence L = 0, and the phase diagram is obtained as shown in Fig.1a. For Nb-doped Bi2Se3, we choose
m/µ = 2/3, L = 30 to work out the phase diagram Fig.1b.
To obtain the band structure we construct the following tight-binding model of the chiral superconductor
H0(k) =
2v
3
(
0 iS−(k)
−iS+(k) 0
)
τz + vz sin kzτy +mτx − tC(k) + 3t− µ (C23)
D±(k) =
[
Γ0σ±τy +
2
3
ΓS±(k)σzτx ± 2i
3
ΓxyS∓(k)σ∓ − Γz sin kzσ±
]
iσy (C24)
HMF(k) =
(
H0(k) + JMσzτ0 ∆D+(k)
∆D†+(k) −H∗0 (−k)− JMσzτ0
)
. (C25)
The special functions are defined as
S±(k) ≡
2∑
j=0
ωj sin(k ·Rj) ' 3
2
(kx ± iky), C(k) ≡
2∑
j=0
cos(k ·Rj) ' 3− 3
4
|k|2, (|k| → 0) (C26)
where ω = e2pii/3,R0 = x,R1 = (−x+
√
3y)/2,R2 = (−x+
√
3y)/2.
Importantly, the term −tC(k) + 3t is introduced. Without this term, the Γ point and two K points will be at the
same energy level accidentally, which does not match the experimental results of ARPES. In Fig.2b, c and d of the
maintext we set t = 1.
